Dynamics of optically injected currents in carbon nanotubes by Bonilla, L. L. et al.
Dynamics of optically injected currents in carbon nanotubes
L. L. Bonilla,1 M. Alvaro,1 M. Carretero,1 and E. Ya. Sherman2, 3
1Gregorio Milla´n Institute for Fluid Dynamics, Nanoscience and Industrial Mathematics,
Universidad Carlos III de Madrid, Avenida de la Universidad 30, 28911 Legane´s, Spain
2Department of Physical Chemistry, The University of the Basque Country, 48080 Bilbao, Spain
3IKERBASQUE Basque Foundation for Science, Bilbao, Spain
We consider theoretically the dynamics of electric currents optically injected in carbon nanotubes.
Although the plasma oscillations are not seen in these systems, the main effect on the carrier’s motion
is due to strongly nonuniform space-charge Coulomb forces produced by time-dependent separation
of injected electron and hole densities. We calculate evolution of the dipole moment characterizing
the time- and coordinate-dependent charge density distributions and analyze different regimes of
the dynamics. The developed time-dependent dipole moment leads to a dipole radiation in the THz
frequency range for typical parameters of injected currents.
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I. INTRODUCTION
Optical manipulation of carriers in bulk solids and ar-
tificial structures is an interesting problem for funda-
mental and applied physics. By interference of single-
and two-photon optical transitions induced by highly
coherent laser beams, which can be controlled by the
beams’ phases, one can inject optically currents in
semiconductors1,2 and semiconductor nanostructures3,4.
Recently, current injection using the same principle of
interference was reported for a different class of systems
such as graphene5 and carbon nanotubes6. The under-
standing of the following dynamics of the injected cur-
rents can provide a valuable information both about the
injection process and interactions in the system.
For two-dimensional semiconductor quantum wells7 it
was shown that the space-charge effects due to nonuni-
form charge density play the crucial role in the electron
motion while relatively heavy holes can be taken at rest.
If the space-charge effects dominate in the charge dynam-
ics, the timescale of the evolution is given by the charac-
teristic expected plasma frequency corresponding to the
injected charge density and the laser spot size. How-
ever, the plasma oscillations should not be seen there
since a highly nonuniform charge density is formed on
the timescale of the order of the expected inverse plasma
frequency.
In this respect, carbon nanotubes are strongly differ-
ent from conventional semiconductors. Semiconducting
nanotubes, where carriers have finite effective masses,
were intensively investigated by optical techniques. Near
the absorption threshold they demonstrate excitonic ef-
fects in the optical absorption spectra8 and in the subse-
quent dynamics9. Here electrons and holes give the same
contribution to the optical properties. Another type of
nanotubes is metallic systems, where the dispersion re-
lation of carriers is linear in the momentum, making the
plasma frequency a poorly defined quantity. As a result,
even when the carrier momentum changes due to the
relaxation and external forces, the velocity, and there-
fore the current, can remain constant. To change the
carrier velocity the momentum has to change sign. In
general, for these “relativistic” spectra, even relatively
strong Coulomb forces do not lead to formation of exci-
tons (for an exception, see Ref.[10]). This new type of dy-
namics, which will be of our interest here, can experimen-
tally be seen in bunches of nanotubes containing metallic
and semiconducting species. As we are interested in the
optical response in the relatively low frequency infrared
domain, semiconducting nanotubes will not contribute
to the properties of our interest. Moreover, metallic nan-
otubes can be separated from the semiconducting ones11,
to provide a system for experimental study of the effects
considered here.
A microscopic theory of current injection in semicon-
ducting nanotubes has been developed12 by using the
analysis of the transition matrix elements on the atomic
scale. However, the stage of the subsequent dynamics
with a strongly nonuniform density has not yet been stud-
ied and understood. Here we study this process. The
time-dependent injected current is accompanied by emis-
sion of radiation in the THz frequency domain. As we
will show, the spectrum of this radiation provides infor-
mation about the dynamics and properties of the system.
II. MODEL DYNAMICS EQUATIONS
We begin with model equations for a single wall carbon
nanotube characterized by dispersion relation (see Fig.
1):
ε(k) = ~|k|v0, ε(k) = −~|k|v0, (1)
for electrons and holes, respectively, and velocities v(k) =
±sign(k) v0 where v0 = 108 cm/s.
Optical injection produces electron and hole densities
n±, p± respectively in the coordinate (x) and momentum
(k)− space wit corresponding velocities v:
n+ = n+(x, k, t); p− = p−(x, k, t); v = v0; (2)
n− = n−(x, k, t); p+ = p+(x, k, t); v = −v0; (3)
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2Figure 1: (a) Dispersion relation and density distribution in
the momentum space. The peak in the optical radiation inten-
sity corresponds to transitions at frequency 2v0k0. (b) Elec-
tron/hole density induced by the laser spot vs x, where 2Λ is
the total spot width.
The local densities are defined as:
n¯± = n¯±(x, t) =
∫ +∞
−∞
n±(x, k, t) dk, n¯ = n¯+ + n¯−;(4)
p¯± = p¯±(x, t) =
∫ +∞
−∞
p±(x, k, t) dk, p¯ = p¯+ + p¯−.(5)
In what follows we omit the explicit (x, t, k)−dependence
for brevity. The Boltzmann equations for the distribution
functions have the form
∂n±
∂t
+ v(k)
∂n±
∂x
+
eE
~
∂n±
∂k
= −n
± − n±eq
τn
, (6)
∂p±
∂t
− v(k)∂p
±
∂x
− eE
~
∂p±
∂k
= −p
± − p±eq
τp
, (7)
where e < 0 is the electron charge and E ≡ E(x, t) is the
coordinate- and time-dependent electric field produced
by space-charge effects, that is by nonuniform charge
density. The local Fermi-Dirac equilibrium densities for
electrons in Eq. (6) and Eq. (7) are defined as
n±eq = 2×
1
exp
[
(ε(k)− µ±n )/T
]
+ 1
, (8)
where the factor 2 is due to spin degeneracy and T is the
temperature measured in units of energy. In a similar
way we define the equilibrium distributions of holes. The
coordinate- and time-dependent chemical potentials µ±n
and µ±p guarantee the balance of the densities in the form
n¯±eq = n¯
±, p¯±eq = p¯
±. For example, condition∫ ∞
0
n+eqdk = n¯
+, (9)
yields
µ+n = T ln
[
exp
(
~v0n¯+/2T
)− 1] . (10)
The electric field in Eqs. (6) and (7) can be expressed
in terms of the integral of the charge density p¯(x−s, t)−
n¯(x− s, t) as:
E(x, t) =
∫ ∞
−∞
[p¯(x− s, t)− n¯(x− s, t)]K(s) ds, (11)
where K(s) is the Coulomb kernel for the nanotube. The
expression for K(s) is presented in the Appendix. As
we will see, the important and unusual feature of Eq.
(11) is that in the limit of a small-radius nanotube the
field E(x, t) is proportional to the local derivative of the
density: ∂ (p¯(x, t)− n¯(x, t)) /∂x.
The initial distributions of electrons and holes are op-
tically produced as:
n(x, k, 0) = p(x, k, 0) =
N
piΛK
exp
[
− x
2
Λ2
− (k − k0)
2
K2
]
,
(12)
where k0 is the injection point in the momentum space,
2Λ is the characteristic laser spot size, and N is the total
number of injected electron/holes. We use k0 = K = 200
µm−1 (see Fig. 1(a)). This is reasonable since the wave
vector is limited by the requirement that the carrier en-
ergy should not exceed that of the optical phonon, for
otherwise a fast momentum and energy relaxation occur.
A typical optical phonon energy is ~Ωph = 0.18 eV,14
that gives the estimate k0 < Ωph/v0 = 275 µm
−1. Inte-
grating Eq.(12) over k, we obtain (see Fig. 1(b)):
n¯(x, 0) = p¯(x, 0) =
N√
piΛ
exp
(−x2/Λ2) . (13)
We define the one-dimensional (1D) electron/hole density
N1D =
N
2Λ
, (14)
and Eq. (13) becomes:
n¯(x, 0) = p¯(x, 0) =
2N1D√
pi
exp
(−x2/Λ2) . (15)
Integrating Eqs. (6) and (7) over k, we get the charge
continuity equation:
∂
∂t
[
(p¯+ + p¯−)− (n¯+ + n¯−)] (16)
+v0
∂
∂x
[
(p¯− − p¯+) + (n¯− − n¯+)] = 0,
from which we define the local current:
I = I(x, t) = −e v0
[
(p¯− − p¯+) + (n¯− − n¯+)] . (17)
III. NUMERICAL SOLUTIONS
Before solving numerically the model equations, we in-
troduce parameters describing the electron-electron in-
teraction and the injection process. First we introduce
3a parameter characterizing the strength of the Coulomb
forces. For this purpose we use the following scaling ar-
gument. The Coulomb force acting at a carrier, F ∼
Ne2/
√
⊥‖Λ2 where ⊥ and ‖ is the nanotube transver-
sal and longitudinal permittivity, respectively (see Ap-
pendix for details). In the absence of the plasma fre-
quency and on the relevant time scale tΛ ∼ Λ/vF , this
force produces a change in the momentum comparable
to ~K if FtΛ ∼ ~K. This estimate yields the corre-
sponding critical number of injected carriers per nan-
otube Nc ≡ √⊥‖~v0KΛ/e2 ≈ 1600 (for K = 200
µm−1, ⊥ = 10 and ‖ = 30, in agreement with the exper-
iment [13]), and the interaction effects are described by
a dimensionless parameter N/Nc. If N/Nc  1, then n¯±
and p¯± are conserved and the initial density distributions
move and separate being only weakly deformed. Other-
wise, the effect of Coulomb forces is strong. In this case, if
E < 0 (E > 0) then n¯+ and p¯− increase (decrease), and
p¯+ and n¯− decrease (increase). Since initially carriers
are injected with positive momentum k0 > 0 most of the
electrons/holes have k > 0. Thus n(x, 0, t) increases and
p(x, 0, t) decreases when E > 0, and therefore the effect
of the electric field is larger on the electrons than on the
holes. Conversely, when E < 0 the effect of the electric
field is larger on the holes than on the electrons. How-
ever, when the number of electrons/holes having k < 0 is
larger, the sign of the electric field has the opposite effect
for those electrons/holes.
An important limit on the number of injected parti-
cles is posed by the Pauli blocking condition, where the
injection stops since all available electron/hole states be-
came occupied by the previously excited carriers. The
condition that the transition does not experience Pauli
blocking limits the number of injected particles to the
available phase volume 2Λ∆K, where 2 is the spin fac-
tor. Therefore, the maximum ratio N/Nc should be con-
siderably less than (∆K/K)α(c/vF )(2/
√
⊥‖), where
α ≡ e2/~c = 1/137 is the fine structure constant. Pro-
vided ∆K ∼ K = 275 µm−1, we obtain that N should
be less than 400 restricting N/Nc to values considerably
less than 0.3.
We consider current injection by tightly focused beams
with Λ = 1µm, and nanotube of the radius a = 1.25
and solve numerically the equations (6) to (11) in the
following two cases (see Fig. 2–Fig. 5): (a) N1D ≈ 1.25×
105 cm−1, injected N = 25, N/Nc ≈ 0.016, and Imax ≈ 4
µA and (b) N1D ≈ 1.25 × 106 cm−1, N = 250, N/Nc ≈
0.16, and Imax ≈ 40µA. In both cases we assume carriers
scattering times τn = τp = 2 ps at 300 K, as suggested
by the estimates15,16.
In case (a), there are few carriers and electrons and
holes go their separate ways without much interaction,
as shown in Fig. 2. The effect of the non-equilibrium
electric field is much greater in case (b), when there are
ten times more carriers. Figure 3 shows that the interac-
tion between carriers builds up a peak in the hole density.
The extrema of the electric field are reached at the in-
flection points of the charge density p¯(x, t) − n¯(x, t) in
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Figure 2: Profiles of (a) density of electrons/holes, and (b)
electric field at different snapshots for case a): Λ = 1µm,
N1D ≈ 12.5 µm−1, τp = τn = 2 ps, N = 25 electrons/holes.
Here [p¯] = [n¯] = N/Λ = 2.5 × 105 cm−1, and the unit of
electric field [E] ≡ |e|N/⊥Λ2 = 36 V/cm.
agreement with the approximate formulas presented in
the Appendix. The displacement and separation of elec-
tron and hole peaks is of the order of the initial width
Λ, that is much larger than can observed in semiconduc-
tor quantum wells3,7. The reduction of separation by
space-charge effects due to the finite mass of the carriers,
similar to that in the quantum wells, can be expected in
semiconductor nanotubes as well. As one can see in the
Figures for carrier densities and electric fields, the scat-
tering sharpens the peaks in the carrier densities and the
electric field and depresses the smooth regions thereof
but does not change this qualitative picture. The rea-
son is that the scattering tries to keep the carrier densi-
ties close their local equilibrium values (Fermi functions)
which have large gradients near k = 0. This enhances the
effect of the electric field on the densities and sharpens
their peaks.
Figure 3(b) shows the development of electric fields
and, thus, details the way the carriers peaks are built.
Since we inject current with positive momentum, the
larger peaks of electron and hole densities correspond to
k > 0. However, the hole population with k < 0 splits
in two parts and one part moves together with the hole
population with k > 0 which helps building up the hole
population at the peak that moves to the left. Mean-
while, the electron population with k > 0 also splits in
two parts and the one that moves to the left helps rein-
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Figure 3: (a) Profiles of the electron/hole densities, and
(b) electric field profile, at different snapshots, for N = 250
electrons/holes. Here [p¯] = [n¯] = N/Λ = 2.5× 106 cm−1, and
the unit of electric field [E] ≡ |e|N/⊥Λ2 = 360 V/cm.
forcing the electron population with k < 0. The location
of the electron peak that moves to the left is quite close
to that of the left-moving hole peak. Then electrons and
holes interact so that their left-moving peaks slow down
almost to a halt at the same location.
This picture is confirmed in Fig. 4 that shows snap-
shots of the overall hole density p+(x, k, t)+p−(x, k, t) for
N = 250 electron/holes. Note that the Coulomb forces
stop the motion of carriers to the left and build up hole
and electron peaks at x ≈ 2.3Λ. Similarly, increasing
the number of carriers narrows the peaks of their spatial
Figure 4: Hole density (p+(x, k) + p−(x, k))[p] at different
snapshots for N = 250 electrons/holes: (a) with scattering,
(b) without scattering. Here [p] = N/ΛK = 1.25.
density distributions, as shown in Fig. 5.
IV. DIPOLE RADIATION: INTENSITY AND
SPECTRUM
In order to make relation of our results to possible ex-
perimental observations of the space-charge effects in the
current evolution, here we study the radiation of a sin-
5Figure 5: p¯(x, t)/[p¯] for N = 250 electrons/holes. Here [p¯] =
N/Λ = 2.5× 106 cm−1.
gle nanotube after the current injection to see how the
system parameters can be found from the radiation in-
tensity and the spectrum. For this purpose we introduce
the dipole moment as:
D(t) = −e
∫ +∞
−∞
(p¯(x, t)− n¯(x, t))x dx, (18)
where the corresponding radiation intensity is propor-
tional to
(
d2D/dt2
)2
. The maximum value of D can
be estimated as N |e|Λ. Taking into account that the
timescale of the process is Λ/v0, we obtain the typi-
cal value of d2D/dt2 of the order of |e|v20 × N/Λ. Tak-
ing into account the Pauli blocking limitations, N/Λ ≤
K0, we obtain the fundamental limit for the derivative
d2D/dt2 ≤ ev0(k0)/~. The corresponding spectral den-
sity for current injected at t = 0 is given by
I(ω) ∼
∣∣∣∣∫ +∞
0
d2D
dt2
eiωtdt
∣∣∣∣2 . (19)
Figure 6 shows d2D/dt2 for N = 250 with and without
scattering effects. The system parameters demonstrate
themselves in the spectrum of the radiation. Increasing
the number of carriers produces a sharp peak which is
somewhat augmented and sharpened by scattering. Al-
though the scattering sharpens the distributions, it only
weakly modifies the integral parameter such as the dipole
moment, as can be seen in Fig. 6. The Fourier transform
of d2D/dt2 provides the spectrum of the radiation peaked
at the frequency of 200 GHz for a time window of 5 ps.
V. CONCLUSIONS
We have studied the time evolution of charge density
after optical injection of a charge current in metallic car-
bon nanotubes with “relativistic” spectrum and identi-
fied different regimes of dynamics. The main impact on
the carrier density evolution is produced by the space-
charge effects. However, due to the zero effective mass
of the carriers, these Coulomb forces cannot prevent the
calculated large separation of the electron and hole densi-
ties. This is in contrast to the relatively small separation
expected in semiconductor structures, where electrons
and holes have finite masses. Although the scattering of
carriers by impurities and phonons considerably sharpens
the density distribution, it does not influence strongly its
integral characteristics such as the dipole moment result-
ing from the electron-hole separation, thereby rendering
difficult the experimental verification of this effect. The
time evolution of the dipole moment leads to a dipole ra-
diation, which can be measured experimentally and pro-
vide information about the dynamics of the carriers. The
spectral width of the radiation is mainly determined by
the ratio of the “relativistic” velocity to the spatial width
of the initial density distribution, while the intensity de-
pends on the injected carrier density. Our results show
that, as the intensity of the exciting radiation increases,
there is a fundamental limit for the radiation intensity
that is determined solely by the radiation frequency and
related to Pauli blocking in the injection process. Re-
alistic numerical parameters correspond to the radiation
spectrum peaked at a fraction of a THz, in the range of
experimental observation of Ref.[6].
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VII. APPENDIX
Here we derive the expression for electric field and show
the importance of the points where the derivative of the
total charge density vanishes. Electric field is derived
from the Coulomb forces for a singe-wall nanotube:
E(x, t) =
∫ ∞
−∞
[p¯(x− s, t)− n¯(x− s, t)]K(s) ds, (A1)
with
K(s) = − 2e
pi⊥
∫ pi/2
0
s dθ(
s2 + 4a2
‖
⊥
sin2 θ
)3/2 . (A2)
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Figure 6: (a) Second time derivative of the dipole moment
vs time and (b) power spectrum for N = 250 electrons/holes.
Scattering times are 2 ps for both types of carriers.
We describe ensemble of nanotubes of the radius a as an
anisotropic medium with the longitudinal and transversal
permittivities ‖ and ⊥, respectively13,17. The shape of
K(s) in Eq. (A2) follows from the Poisson equation for
the electric potential of a point positive charge −e at the
origin,
[‖∂2x + ⊥∇2⊥]V = 4pieδ(x)δ(x⊥), x⊥ = (y, z), (A3)
which can be written as(
∂2
∂x˜2
+
∂2
∂y˜2
+
∂2
∂z˜2
)
V = 4pie
⊥
√
‖
δ(x˜)δ(y˜)δ(z˜), (A4)
x˜ =
x√
‖
, (y˜, z˜) =
1√
⊥
(y, z).
In terms of the original variables, the solution is
V = − e
⊥
√
x2 +
‖
⊥
x2⊥
, (A5)
∂V
∂x
=
ex
⊥
[
x2 +
‖
⊥
x2⊥
]−3/2
. (A6)
The electric field (VII) is found straightforwardly by con-
volution of −∂V/∂x with the charge density [p¯(x, t) −
n¯(x, t)] δ(|x⊥| − a)/2pi a and changing variables in the
resulting integral. After integrating by parts, changing
variables and using that the electron and hole densities
rapidly decrease at large |x|  Λ, (A1) becomes
E(x, t) =
e
pi
√
‖⊥
∂
∂x
∫ +∞
−∞
ds
[
p¯
(
x− 2as
√
‖
⊥
, t
)
− n¯
(
x− 2as
√
‖
⊥
, t
)]∫ pi/2
0
dθ(
s2 + sin2 θ
)1/2 (A7)
=
e
pi
√
‖⊥
∂
∂x
∫ +∞
−∞
[
p¯
(
x− 2as
√
‖
⊥
, t
)
− n¯
(
x− 2as
√
‖
⊥
, t
)]
K
(
1√
s2 + 1
)
ds√
s2 + 1
. (A8)
Here we have written the integral over θ in terms of the
complete elliptic integral of the first kind. Taking into
account that the length scale of the electron and hole
density distributions is of the order of Λ  a, one can
approximate this expression as
E(x, t) ∼ ef√
‖⊥
∂
∂x
[p¯(x, t)− n¯(x, t)], (A9)
with numerical factor
f = pi ln 2 +
pi2
8
+ 2
∫ ∞
0
[
K
(
1√
s2 + 1
)
− pi
2
− pi
8
√
1 + s2
]
ds√
1 + s2
≈ 5.43 (A10)
The approximate expression (A9) is a local relationship between the charge density and electric field, thereby
7depending on the geometric mean of the permittivities,
√
‖⊥, to which both contribute equally.
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